For analysis of case-control genetic association studies, it has recently been shown that gene-environment independence in the population can be leveraged to increase efficiency for estimating gene-environment interaction effects in comparison with the standard prospective analysis. However, for the special case in which data on the binary phenotype and genetic and environmental risk factors can be summarized in a 2 3 2 3 2 table, the authors show here that there is no efficiency gain for estimating interaction effects, nor is there an efficiency gain for estimating the genetic and environmental main effects. This contrasts with the well-known result assuming that rare phenotype prevalence and gene-environment independence in the control population for the same data can lead to efficiency gain. This discrepancy is counterintuitive, since the 2 likelihoods are also approximately equal when the phenotype is rare. An explanation for the paradox based on a theoretical analysis is provided. Implications of these results for data analyses are also examined, and practical guidance on analyzing such case-control studies is offered.
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To estimate odds ratio parameters for genetic main effects and gene-environment (G-E) interactions using data from case-control genetic association studies, the traditional prospective likelihood method (1-6) has been the standard approach to analysis. Recently, it has been found that the G-E independence assumption can be leveraged to increase the efficiency of estimation (7) (8) (9) (10) . These methods were essentially based on maximizing the retrospective likelihood where the G-E independence was appropriately reflected, while the joint distribution of G and E was nonparametric in the standard approach. Some of these methods (7, 8) were based on log-linear models with the G-E independence assumption imposed on the control population, and some (9, 10) were based on logistic regression models with the G-E independence assumption imposed on the general study population. When an additional assumption that the binary phenotype is rare is imposed, the model of Chatterjee and Carroll (9) can be approximated by the model of Umbach and Weinberg (8) . In the latter case, the need to estimate the intercept parameter in the logistic regression model is eliminated. Without the rare phenotype assumption and when both the gene and the environment have effects on the phenotype, Chatterjee and Carroll (9) showed an interesting result: The intercept parameter in the logistic model became identifiable under the G-E independence assumption in the general population. This contrasts with the widely known result that the baseline risk for the phenotype is unidentifiable from case-control data using prospective logistic regression analysis.
It turns out that the need to estimate the additional identifiable parameter compromises the efficiency gain from incorporating the G-E independence, and we illustrate this point here. We show that the magnitude of the efficiency gain under the G-E independence assumption depends on the structure of the data on genetic and environmental risk factors. In the simplest case, where data on phenotype and genetic and environmental risk factors can be summarized in a 2 3 2 3 2 table, we show that the retrospective method of Chatterjee and Carroll (9) under the assumption of G-E independence in the general population and the standard prospective analysis yield identical estimates. This result seemingly contradicts that obtained by Umbach and Weinberg (8) , where meaningful efficiency gain is achieved under the assumption of G-E independence in the control population in a 2 3 2 3 2 table.
We offer an explanation that is related to the identifiability of the intercept parameter in Chatterjee and Carroll's (9) approach: Estimating the intercept parameter used up the additional information for estimating odds ratio association parameters coded in the G-E independence assumption in the population. For the approach of Umbach and Weinberg (8) , we show that any efficiency gain is due to the fact that the marginal G-E distribution under a case-control design encoded information on the odds ratio parameters after the approximation based on the rare phenotype assumption. We also study the implications of the results for applications in practice.
MATERIALS AND METHODS
Let D denote the binary phenotype, G denote the genetic factor, and E denote the environmental factor (or the other genetic factor in studies of gene-gene interaction). Let S ¼ 1 indicate that a subject in the general study population is selected into the case-control sample. In the case-control design, the sampling probability depends only on the disease status, that is, P(S ¼ 1jD, G, E) ¼ P(S ¼ 1jD). Assume that G and E contribute to the risk of phenotype D following a logistic regression model log PðD ¼ 1jG; EÞ PðD ¼ 0jG;
and that in the study population, the gene G and the environmental factor E are independently distributed, that is, pðG; EÞ ¼ pðGÞpðEÞ:
The contribution to the retrospective likelihood by a single subject, p(G, EjD), can be expressed as
where g{D;
In the case-control sample, the proportions of cases or controls P(DjS ¼ 1) ¼ n D /n are fixed by the sampling design, where n 0 and n 1 are the respective numbers of cases and controls, and
. By combining P(G, EjD, S ¼ 1) with P(DjS ¼ 1), the data (D, G, E) for the case-control sample are distributed as follows:
where
Chen (11) In a typical case-control design, Below, we analyze this term to characterize the relation between the magnitude of efficiency gain and the structure of the data on (G, E). In the simplest case of a 2 3 2 3 2 table, which is frequently used to summarize case-control data, we show that Q n i¼1 PðG i jE i ; S i ¼ 1Þ contains no information for estimating (b 1 , b 2 , b 12 ). Thus, the only difference between the traditional prospective analysis and the method of Chatterjee and Carroll (9) in this case is that b 0 is identifiable and can be estimated from the observed data when conditions on the identifiability of b 0 hold. Proof of theorem 1 is given in the Appendix. The result in theorem 1 can be understood as follows. Note that p(GjE, S ¼ 1) involves the parameters b 0 and p(G), which do not appear in p(DjG, E, S ¼ 1). For a 2 3 2 3 2 table, the likelihood Q n i¼1 PðG i jE i ; S i ¼ 1Þ allows for the estimation of 2 independent parameters,
, to which parameters b 0 and p(G ¼ 1) can be mapped. This equivalent parameterization means that there is no information left for estimating (b 1 , b 2 , b 12 ) in equation A4 (Appendix) after b 0 and p(G ¼ 1) are estimated. By analogy, for slightly richer data summarized in a 2 3 3 3 2 table, if 1 parameter is used to model the G-E association in the general population (12) and no additional constraint is imposed on p(G), we would expect no efficiency gain even if the model for p(GjE) is not saturated.
Theorem 1 has direct implications for detecting interaction effects between a single nucleotide polymorphism (SNP) and binary environmental exposures. A SNP with alleles B and b has 3 possible genotypes, BB, Bb, and bb. Let G be the numerical coding for the genotype. The classical models for the SNP effect include the dominant model (G ¼ 1 for BB and Bb and G ¼ 0 for bb), the recessive model (G ¼ 1 for BB and G ¼ 0 for Bb and bb), and the additive model (G ¼ 0 for bb, G ¼ 1 for Bb, and G ¼ 2 for BB). With the dominant or recessive model for the main effect of G and a dichotomous environmental factor E, theorem 1 implies that incorporating the G-E independence in the general population cannot improve statistical power for detecting G-E interaction effects. For the additive case on a logarithmic scale, some efficiency gain in estimating the odds ratio parameters can be achieved, but it has very limited magnitude.
It is important to note that when the phenotype prevalence rate, p(D ¼ 1), is known, theorem 1 does not apply. That is, the efficiency of the (b 1 , b 2 , b 12 ) estimator from maximizing the retrospective likelihood may be higher than that from maximizing the prospective likelihood, even in the case of a 2 3 2 3 2 table. On the other hand, it is recognized that knowing the disease prevalence rate does not help in estimating (b 1 , b 2 , b 12 ) if p(G, E) is unconstrained, because the additional constraints imposed by fixed p(D ¼ 1) happen to be equivalent to the constraints imposed by fixing the numbers of cases and controls for the estimation of odds ratio parameters (13) . The key reason that theorem 1 does not hold is that conditions for applying lemma 1 are no longer satisfied. When the phenotype prevalence is known, b * 0 is fully determined by b 0 :
Thus, p * (D) is no longer variation-independent of h under the G-E independence. These results suggest that if we would like to exploit the G-E independence for efficiency gain in estimating the odds ratio parameter, one strategy would be to incorporate knowledge of the disease prevalence rate.
Chatterjee and Carroll (9) noticed that it is challenging to estimate the intercept parameter b 0 based on their profile likelihood method, despite the fact that b 0 is theoretically identifiable when b 12 6 ¼ 0 or b 1 6 ¼ 0 and b 2 6 ¼ 0. (See a related problem discussed in the article by Neuhaus et al. (14) .) The difficulty in estimating b 0 with data summarized in a 2 3 2 3 2 table may be explained as follows. Given (b 1, b 2, b 12 ), the part of the likelihood useful for estimating b 0 is
It can be seen that
) is a bounded function. Figure 1 shows 2 typical shapes of the function with a positive or negative interaction effect and 2 typical shapes of the function in the absence of an interaction effect.
Since the second part of the right-hand side of equation A9 (i.e., n 11 n 00 /n 10 n 01 ) can be any number due to the random variation, the solution to equation 14 may not exist for a data set with a finite sample size. However, this difficulty would be less likely to arise with extremely large sample sizes.
Rare phenotype assumption and G-E independence in the control population Assuming a log-linear model for analyzing case-control data (D, G, E), Umbach and Weinberg (8) showed that efficiency for estimating the odds ratio parameters when G-E independence is imposed on the control population is higher than that in the traditional prospective analysis, even for data summarized by a 2 3 2 3 2 table. However, it is well known that a log-linear model approximates a logistic regression model adopted by Chatterjee and Carroll (9) when the phenotype is rare, that is, p(D ¼ 1) % 0, and G-E independence holds in the general population. We explain these seemingly contradictive results as follows. Note that the assumptions in the article by Umbach and Weinberg (8) 
. By the odds ratio formulation of Chen (11), the joint distribution of (D, G, E) under the case-control design can be rewritten as 
The 
SIMULATION STUDIES
We performed 2 simulation studies to assess the magnitude of efficiency gain under the G-E independence assumption in the general population, and we performed 1 simulation study to assess bias when this G-E independence assumption is violated. In the first study, the traditional prospective logistic regression (PLR) analysis based on p(DjG, E, S ¼ 1) and the prospective analysis based on p(D, GjE, S ¼ 1) in the article by Chatterjee and Carroll (9) (retrospective maximum likelihood (RML)) are compared. Models 1 and 2 are used to simulate data. Because G and E are in symmetric positions, we assume in the first simulation study that G takes the values 0 and 1 only and E either has 3 different categories or is a continuous variable. Since the relative efficiency is of primary interest and the intercept parameter is difficult to estimate, we choose a very large sample size in the first simulation study. The sample size is 50,000 with 25,000 cases and 25,000 controls. In this simulation, P(G ¼ 1) ¼ 0.1, and E is uniformly distributed on {0, 1, 2} or on [0, 2]. The log odds ratio parameters (b 1 , b 2 , b 12 ) ¼ (1, 1, 0.5) and the intercept b 0 ¼ À3. The relatively large G-E effects were primarily chosen to make the computational method more stable. Results based on 1,000 replicates are shown in Table 1 . As Table 1 shows, when the environmental factor takes 3 values, the efficiency of the RML estimator is slightly improved over the PLR estimator. When the environmental factor is a continuous variable, the efficiency improvement is also very limited in the simulation. The efficiency gain in our simulation appears to be smaller than that in the article by Chatterjee and Carroll (9) when the phenotype prevalence rate is unknown in the general population. To find out the reason, we tested our computer program using the simulation setting for sparse disease in the article by Chatterjee and Carroll (9) . Using a sample size of 10,000 with 5,000 cases and 5,000 controls and 1,000 repetitions, we obtained the average estimates for (b 1 . Notice that our sample size is 10 times that used by Chatterjee and Carroll (9) . After adjusting for the sample size difference, we obtain O10(0.100, 0.011, 0.041) ¼ (0.32, 0.035, 0.130), which are close to the (0.32, 0.037, 0.128) obtained by Chatterjee and Carroll (9) . Indeed, the efficiency gain for the interaction parameter in this case is much larger than that in our simulation setting. This may suggest that the efficiency gain depends on the underlying covariate distribution.
In the second simulation study, we compared the traditional prospective logistic analysis with the approach proposed by Chatterjee and Carroll (9) assuming a known correct or incorrect phenotype prevalence rate, and as in the article by Umbach and Weinberg (8) assuming G-E independence in the control population. We generated independent binary G and E with p(G ¼ 1) ¼ 0.1 and p(E ¼ 1) ¼ 0.5. The log odds ratio association parameters in model 1 were more realistically set to (0.2, 0.1, 0.5), and we varied the intercept parameter in the logistic regression to obtain phenotype prevalence rates of 25%, 10%, and 0.1%, respectively, corresponding to b 0 ¼ À1.2, À2.3, À7.0. Five estimators of the relative risk parameters were computed: the traditional PLR estimator, Chatterjee and Carroll's approach assuming Table 2 , are based on 1,000 repetitions of a sample size of 5,000 with 2,500 cases and 2,500 controls.
The simulation results show that pRML had a negligible bias and a big reduction in variance compared with PLR. Both UpRML and LpRML had smaller bias than Umbach and Weinberg's estimator. However, the simulation also shows that the variance of the estimator decreases as the assumed incorrect phenotypic prevalence rate decreases. In particular, the UpRML estimator has a larger variance than did the pRML estimator, which may suggest that an upward bias in the assumed incorrect phenotypic prevalence rate can result in loss of efficiency. Umbach and Weinberg's estimator has the smallest variance among all of the estimators, but it can have relatively large bias when the phenotypic prevalence rate is large. For a very small prevalence rate, all of the estimators with a known prevalence rate appear to have the same performance. This suggests that the additional efficiency gain in Umbach and Weinberg's approach compared with Chatterjee and Carroll's approach without knowledge of the prevalence rate is due to the known prevalence rate of approximately 0 in the former. Overall, the result suggests that when we do not have exact information on the prevalence rate, it is still useful to use an inaccurate prevalence rate for estimation and inference.
In the third simulation study, correlated binary G and E are simulated with
where p ¼ 0.1 and q ¼ 0.55. The association between G and E has an odds ratio of approximately 1.49. All other model parameters are the same as in the second simulation setting. In the analysis, G and E are modeled as independent, and the same methods of analysis as in the second simulation are used. Simulation results are shown in Table 3 . These results show that, with moderate deviation from the G-E independence assumption, large bias occurs with all of the estimators except for the PLR. The results suggest that approaches exploiting the G-E independence assumption for efficiency gain are all very sensitive in terms of bias to the deviation from the independence assumption. It is very important to check the validity of the assumption in applying these approaches.
DISCUSSION
Here we showed that estimation of the identifiable intercept parameter in the logistic regression model under certain constraints on the covariate distribution could compromise efficiency for estimating odds ratio parameters. Thus, the information coded in the G-E independence assumption alone for assessing joint effects of G-E variables can become limited with a binary genetic variable, particularly when the environmental variable takes only a small set of unique values. The amount of information increases as the data structure on (G, E) becomes more complex. In this sense, haplotypebased association analyses may be preferable to single-SNPbased analyses. In the same sense, one would probably need to be cautious in deciding whether to dichotomize a continuous environmental exposure. Of course, any analysis would have to be guided by scientific inquiry, rather than statistical efficiency. In addition, implementing the approach of Chatterjee and Carroll (9) without assuming any knowledge of the phenotypic prevalence rate is inherently computationally challenging.
Additional knowledge on the prevalence rate can be leveraged to increase the information coded in G-E independence and largely eradicates the difficulty in parameter estimation. The approach of Umbach and Weinberg (8) does not require us to know the exact phenotypic prevalence rate. However, Chatterjee and Carroll (9) noticed the subtlety that not only should the overall phenotype prevalence be small but it should be small in every population subgroup defined by covariates. When the phenotypic prevalence rate is not very low, the approach of Umbach and Weinberg (8) can have substantial bias. The approach of Chatterjee and Carroll (9) assuming a known phenotypic prevalence rate can have a substantial efficiency gain over the traditional prospective analysis. When the phenotypic prevalence rate is very low and is known, the methods of Umbach and Weinberg (8) and Chatterjee and Carroll (9) have comparable performance.
When the phenotypic prevalence rate is not known, attempting to estimate the intercept from the case-control data under the G-E independence assumption may not be a good choice. We see from these simulation results that, even if we do not know the exact phenotypic prevalence rate, assuming an incorrect phenotypic prevalence rate can still lead to a substantial reduction in variance with some bias in the parameter estimator. The exact cutoff in the bias and variance tradeoff requires further research. Finally, caution should be exercised in using the approaches for efficiency gain because of their sensitivity to deviation from the independence assumption. 
